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Abstract. Wc discuss Lie algebras of the Lie symmetry groups of two gcnerically non- 
integrable equations in one temporal and two space dimensions arising in different contexts. 
CO ' The first is a generalization of the KP equation and contains 9 arbitrary functions of one 

and two arguments. The second one is a system of PDEs that depend on some physical pa- 
rameters. We require that these PDEs are invariant under a Kac-Moody- Virasoro algebra. 
^ : This leads to several limitations on the coefficients (either functions or parameters) under 

f*^ ' which equations are prime candidates for being integrablc. 
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o 

CN , 1 Introduction 

O 

' It is well known that a number of physically significant integrable partial differential equations 

in 2-|-l-dimensions typically have infinite-dimensional symmetry algebras with a specific Kac- 
Moody- Virasoro (KMV) structure. Among them one can cite the Kadomtsev-Petviashvili (KP) 
Ch ■ equation modified KP, cylindrical KP equation [3], all equations of the KP hierarchy [1], 

^ . Davey-Stewartson (DS) system [3] and three- wave resonant interaction equations [S]. On the 

other hand, it should be mentioned that there are evolution type equations which are integrable, 



^ • but do admit infinite-dimensional symmetry algebras without a KMV structure. For instance, 



the breaking soliton equation and Zakharov-Strachan equation [Jj do not allow a KMV type 
symmetry algebra while they are integrable. This observation shows that the existence of a KMV 
symmetry algebra is not a necessary condition for integrability for a nonlinear evolution equation 
in 2+1 dimensions. Nevertheless, it is our firm belief that identifying equations with KMV 
symmetry algebra can serve us to provide those subclasses which are candidates for integrability. 
Of course, integrable ones must be further singled out by checking them for integrability in any 
sense of the word. To mention a few, one can perform singularity analysis for establishing 
Painleve property or proceed to study higher symmetries or look for a Lax pair. 

In this paper we shall concentrate on generalizations of two integrable equations in two 
space dimensions. One is the generalized KP (GKP) equation (prototype of a 2-|-l-dimensional 
integrable equation) and the other is generalized DS (GDS) equation. For both systems we 
shall determine the cases when the equations admit an infinite-dimensional symmetry group the 
Lie algebra of which has a Virasoro structure. It will be shown that how this requirement will 
impose restrictions on the coefficients. 
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First we consider the GKP equation 

{Ut + p{t)uUx + q{t)UxXx)x + Cr(y, t)Uyy + a(?/, t)Uy 

+ b{y, t)uxy + c{y, t)uxx + e{y, t)ux + /(y, t)u + /i(y, t) = 0. (1) 

We assume that in some neighbourhood we have 

p(t)/0, 9(t)/0, c7(y,t)/0. 

The other functions in are arbitrary. 
Second, we consider the system 

WXX + + m-2Wyy = (IV'P)x, 

nt(;a:j/ + A(/)j:j: + ?ni(/)yy = (I^P)j^, (2) 

with the condition (A — l){mi — 7712) = n^. Here ip{t,x,y) is a complex function, w{t,x^y) and 
y) are real functions and (5, n, mi, 7712, A, 7 a-re real constants. This system of nonlinear 
partial differential equations in 2+1 dimensions arises as a model of wave propagation in a bulk 
medium composed of an elastic material with couple stresses [S]. 

2 Kac— Moody— Virasoro (KMV) algebras and their subalgebras 

We recall that a KMV algebra is an infinite-dimensional Lie algebra with a basis [HJ 

{Lra,T^,C,K}, l<a<N, ?n G Z, (3) 
satisfying the commutation relations 

[L^, L„] = (m - n) + {m^ - l) 5^,_„C, 

[C, Lm\ = [C, T^,] = [K, Lra] = [K, T^] = [K, C] = 0, (4) 

where f"''"^ are the structure constants of some finite-dimensional real or complex simple Lie 
algebra A. The elements {T^,K} form the basis of a Kac-Moody algebra, {Lm,C} form the 
Virasoro algebra, K and C are central elements, namely they commute with all other elements 
and with each other. From @, it is seen that the Kac-Moody algebra is an ideal in the entire 
structure. KMV algebras seem to arise in many branches of theoretical physics and in the theory 
of completely integrable systems. 

A simple realization of the algebra Q is obtained by introducing a scalar parameter A, 
a finite-dimensional Lie algebra A with basis {X^, . . . and commutation relations 

j^a^^b] ^^afec^^c^ a,6,c= l,2,...,iV. 

We put 

im = -A'"+^5A, T^ = X''X"\ C = 0, K = (5) 

and see that the commutation relations ^ are satisfied. As the central elements C and K are 
represented trivially in Q, we actually have a representation of an affine loop algebra. For 
example, the set of (complex) vector fields on the unit circle 

satisfies 

and therefore realizes a Virasoro algebra without a center. 
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2.1 The symmetry algebra of CGKP equation 

With the introduction of allowed transformations (point transformations taking equation 
into one with different coefficients) we can transform into some canonical form 

{Ut + UUx + Uxxx)x + £Uyy + a{y, t)Uy + b{y, t)Uxy 

+ c{y,t)uxx + f{y,t)u = 0, e = ±l. (6) 

We call © canonical GKP equation and abbreviate CGKP equation. 

If we restrict ourselves to Lie point symmetries of equation ©, the Lie algebra of the sym- 
metry group is represented by vector fields of the form 

V = ^dx + vdy + Tdt + <pdu, (7) 

where ^, r], r and (f) are functions of x, y, t and u. The method for the determination of the 
coefficients of the vector field V is algorithmic ^21- Applying this to © gives an overdetermined 
set of linear partial differential equations for the coefficients ^, rj, r and (j) in equation Q. Solving 
this system we find that the vector field ((Tj) should have the form 

V = T{t)dt+{Ux + Uy,t)\dx 



+ [\ry + i^o{t))dy+i-'^fu+^Tx + S{y,t) ) 9„, (8) 



where 



S{y, t) = -TCt - 0fy + rjo^ Cy + ^o,t + ^?o,j/ - ^cf, (9) 

and T(t), r]{t) and Coiv^t) satisfy 

Srat + {2fy + 3r]Q)ay + 2af = 0, 

-3r]o - 2yf + Srbt + {2fy + 3r]o)by + bf - Qe(,o,y = 0, 

f + 3a^o,?/ + 3eCo,3/s/ = 0, 

fT = 0, 

4.ff + 3ftT + fy{2fy + 3r]o) = 0, 

T + 3fS + 3aSy + 3eSyy = 0, (10) 



where S{y,t) of equation Q should be substituted into equation 

We shall determine the conditions on the functions a, 6, c and / that allow the symmetry 
algebra to be infinite-dimensional with an additional KMV structure. 



2.2 Virasoro symmetries of the CGKP equation 

The canonical generalized KP equation Q will be invariant under a transformation group, the 
Lie algebra of which is isomorphic to a Virasoro algebra if the function r in Q remains free. 
Omitting details we summarize the main results as a theorem: 

Theorem 1. The canonical generalized KP equation allows the Virasoro algebra as a sym- 
metry algebra if and only if the coefficients satisfy 



a = f = 0, b = b{t), c = co{t) + ci{t)y. 



(11) 
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Theorem 2. The canonical generalized KP equation 

{Ut + UUx + Uxxx)x + eUyy + b{i)Uxy + [co{t) + Cl{t)y\Uxx = (12) 

with £ = ±1, and h{t), co{t) and ci{t) arbitrary smooth functions is invariant under an infinite- 
dimensional Lie point symmetry group. Its Lie algebra has a Kac-Moody-Virasoro structure. It 
is realized by vector fields of the form 

V = T{T)+X{i)+Y{ri), (13) 

where T{t), ^(t) and r]{t) are arbitrary smooth functions of time and we have 

T{t) = T{t)dt + ^ [Sebyr + (2x + eby)f - efy"^] dx + '^fdy 

+ ^{ [ - 6co + 2,ebb + (-6ci + 2,eb)y\T + [ - 4n + eft^ - 4co + 4(e6 - 2ci)y]f 
+ {2x - eby)f - ey^T]du, (14) 
X{i)=mdx + mdu, (15) 

Y{ri) = r]{t)dy - ^f]{t)ydx - ^[2cir? + e6r) + eyri]du. (16) 



Remark 1. The transformation 



y, t) = u{x, y, t) + i^-b -cijy-co + -b 
eb , ~ 

x = x-—y, y = y, t = t (17) 

takes equation (|12|) into the KP equation itself, i.e. into equation (|12|) with 5 = cq = ci = 0. The 
transformation ()17|1 also transforms the Lie algebra (|13 p -(|16 |l into the symmetry algebra ^ of 
the KP equation. 

Theorem 3. The GKP equation is invariant under a Lie point symmetry group, the Lie 
algebra of which contains a Virasoro algebra as a subalgebra, if and only if it can be transformed 
into the KP equation itself by a point transformation. 

In summary, we have identified all cases when the generalized KP equation has an infinite- 
dimensional symmetry group whose Lie algebra has a Virasoro structure. For a complete analysis 
and some implications of these results we refer the reader to . 

A natural question to ask is what can one do with the integrable CGKP ()12() ? The tools of 
soliton theory such as the inverse spectral transform and Backlund transformations are at our 
disposal to obtain multisoliton and other physically important solutions of this equation. 

A general class of fourth order scalar partial differential equations, invariant under the group 
of local point transformations of the KP equation has been constructed in ^21- We note that 
a recent paper has been devoted to the construction of equations of arbitrary order invariant 
under the KP symmetry group. They searched for an autonomous higher order KP family 
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Ut + -UUx + Uxxx ] + -^Uyy + F{u) = 0, 



where F{u) is a differential function of u and its any order derivatives of x, y, t variables with 
no space-time dependence explicitly occurring in it, which possesses the same KMV symmetry 
algebra as the standard KP equation. The idea used in ^1] is similar to the one we used above. 
The KP family is required to be left invariant under the KP symmetry group. The Virasoro 
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algebra will be present in the entire symmetry algebra as a subalgebra whenever symmetry 
equations (obtained from splitting of the linearized equation) can be solved identically with 
the function r(t) (t-coefficient of the vector field) arbitrary. This implies that the equation is 
invariant under an arbitrary reparametrization of time. These type of equations will include the 
most probable candidates for integrability (integrable models). 

In another paper , an attempt was made to determine whether there can exist any possible 
variable coefficient extensions of the KP equation 

[ut + f{x, y, t)uux + g{x, y, t)uxxx)^ + h{x, y, t)uyy = 0, 

such that it can not be transformed to the standard KP equation by allowed transformations, 
but still can have an infinite-dimensional symmetry group. 

We now turn to the system For our purposes we find it more convenient to study 

the differentiated form of it with the first complex equation separated into real and imaginary 
components via tp = u + iv 

ut + 5vxx + Vyy = XV {v? + v^) + ^v{w + 4>), 
-vt + 5uxx + Uyy = xu {u^ + w^) + ^u{w + (p), 
Wxx + n(pxx + ■m2Wyy = 2 (n^ + uUxx + ^1+ Wxx) , 

nWyy + X(j)xx + 'mi(j)yy = 2 + UUyy +Vy+ VVyy) . (l8) 

Again, we represent a general element of the symmetry algebra by a vector field of the form 

V = Tdt+ idx + r]dy + (fidu + (p2dv + ipsdy, + ip4.d^, 

where the coefficients r, ^, i], ipi, i = 1,2,3,4 are functions of t, x, y, u, v, w, (p. Applying the 
symmetry procedure we find 



V = Tif) + Xig)+Yih) + Wim), 



(19) 



where 



T{f) = f{t)dt + -f'mxdx + ydy - udu - vd, - 2wd^ - 209^) 
jx^ + Sy^) \ „ f"'{t) ■ 

g'{t)ivdu-ud,) + ^id^ + d^) 

27 

h"(t) 

h'{t)ivdu-ud,) + ^{d^ + d^) 



X{g) = g{t)dx 
Y{h) = h{t)dy 



X 

2S 

y 
2 



27 



m'{t) 



W{m) = m{t){vdu - ud^) + ^^{d^ + d^). (20) 

27 

The functions g{t), h{t), and m(t) are arbitrary functions of class C°°{I), / CM. The func- 
tion f{t) is arbitrary if 

m2S + n+l = 0, miS + nS + \ = 0, (21) 

otherwise f(t) = C2t'^+cit+CQ. We focus on the case when f(t) is allowed to be arbitrary for which 
the symmetry algebra realized by the vector fields (|19jl and (|2Up is then infinite-dimensional. 
The commutation relations for the GDS algebra are as follows: 

[r(/i),r(/2)] = r(/i/^ - /{/s), [T{f),X{g)] = X (^fg' - ^f'g^ , 
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[r(/), Y{h)] = Y ^fh' - -f'hj , [Tif ], W{m)] = W{fm'), 

[X{g,),X{g2)] = -^W{gig'2-g[g2), y(/i2)] = -^W (h.h'^ - h[h2) , 

[X{g),Y{h)] = [Xig),W{m)] = [Y{h),W{m)] = [W{rm),W{m2)] = 0. 

They characterize the commutation relations of a centerless KMV algebra which is identified as 
the semi-direct sum (actually a Levi decomposition) L = S ^N, where S = {T(/)} is a simple 
infinite dimensional Lie algebra and = {X{g),Y {h),W{m)} is a nilpotent ideal (nilradical) . 

More interestingly, the GDS ()18|) system has a Lie symmetry algebra L isomorphic to that 
of the DS symmetry algebra (the symmetry algebra of the integrable DS equations) 

£lWxx + Wyy = e2{\lp\^)yy, 

with 5i = ±1, 82 = ±1 and 5i + £1 = 0. 

We have the following (full details can be found in I16j): 

Theorem 4. The system ()18() is invariant under an inf inite- dimensional Lie point symmetry 
group, the Lie algebra of which has a Kac-Moody-Virasoro structure isomorphic to the DS 
algebra if and only if the conditions ^21\ hold. 

Presence of isomorphism suggests to look for a point transformation taking symmetry al- 
gebras into each other. Hence we can possibly expect that the corresponding equations are 
transformed into each other under such a transformation. Let us mention that there is indeed 
a transformation q = w + (/) — \'ip\'^ reducing the GDS symmetry algebra to the DS algebra. 
However, this transformation does not appear to be one-to-one because both systems do not 
have the same number of dependent variables. 



3 Conclusions 

In this paper, we studied group theoretical properties of two classes of nonlinear evolution 
equations in (2-|-l)-dimensions, namely generalized KP and DS equations. In particular, we 
demanded these equations to be invariant under the infinite-dimensional Lie groups of local 
point transformations with additional KMV structure. We showed that for the generalized KP 
equation this is possible only if the coefficients satisfy 1)11(1 . This is the only case when the 
original equation can be transformed to the KP equation itself. For the generalized DS equations, 
we showed that the KMV symmetry algebra can be present only if the conditions (|21() . under 
which the symmetry algebra is isomorphic to that of the integrable DS equations, hold. 

Despite the usefulness of existence of KMV symmetry algebras for equations in two space 
dimensions, many fundamental questions still remain open. The precise relationship between 
symmetries and integrability is still far from being completely understood. As was noted in [7], 
not all integrable equations admit KMV symmetry algebras. On the other hand, all known 
non-integrable equations are invariant under finite or infinite-dimensional Lie point transfor- 
mation groups without KMV structure. These facts demonstrate that a fuller understanding of 
the absence of KMV structure in an infinite-dimensional symmetry algebra is essential in this 
context. If the existence of a KMV symmetry algebra alone can not be a necessary condition 
for integrability for a nonlinear evolution equation in 2+1 dimensions, so what conditions must 
be added to ensure integrability? 
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